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ABSTRACT
We adress the problem of estimating confidence intervals for
the parameters of an autoregressive plus noise process, in particular when the additive noise is non-Gaussian. We demonstrate how the independent data bootstrap can be used to solve
this problem. We motivate an autoregressive moving-average
modeling approach and apply the recursive maximum algorithm for parameter estimation. Computer simulations are
carried out to show the performance of the proposed method.
Furthermore a real data example from automotive engineering has been considered for assessing our approach. Using
a pressure signal from inside the combustion chamber, we
show how confidence intervals for the autoregressive parameters can be calculated.
Index Terms— the bootstrap, parametric spectrum estimation
1. INTRODUCTION
Estimating the parameters of an autoregressive (AR) process
is a fundamental issue in time series analysis [1] and signal
processing [2]. Given estimates of the AR-parameters one
can easily form a parametric estimate of the spectrum as well
as predicting future samples of the process. Applications include radar [3], geophysics [4], biomedicine [5], image processing [6] and speech signal processing [7].
In all these applications the original signal is disturbed and
only a mixture of signal and additive noise can be observed.
This situation is depicted in Figure 1. The AR process x(n)
can be described by the output of a linear time-invariant filter
with transfer function 1/A(ω) driven by e(n). e(n) is stationary white Gaussian noise with E[e(n)] = 0 and autocovariance function cee (m) = σe2 δ(m), where δ(m) is Kronecker’s
delta function.

The polynomial A(ω) is given by A(ω) = 1+ pk=1 ak e−jωk
with ak being the k-th AR parameter and p being the order
of the process. The AR process is corrupted by additive noise
u(n) yielding the observed signal y(n). In this paper we make
the assumption of u(n) being zero mean stationary white nonGaussian noise, independent from e(n).
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Fig. 1. AR plus noise process
1.1. Preliminaries
Given the scenario in Figure 1 parameter estimates can be
obtained by means of the extended Yule-Walker equations.
Assuming u(n) being white noise with variance σu2 we have:
 2
p
 σe + σu2 , m = 0

am σu2 , m = 1, ..., p
cyy (m) +
ak cyy (m − k) =

0, m > p
k=1
with cyy (m) being the autocovariance function of y(n).
Consistent estimates of the AR parameters can be obtained by
solving the high-order Yule-Walker equations:
ĉyy (m) +

p


âk ĉyy (m − k) = 0, m = p + 1, ..., 2p

k=1

Finally, consistent estimates for σe2 and σu2 can be obtained by
solving
σ̂u2 =

p


1
(ĉyy (m) +
âk ĉyy (m − k))
âm
k=1

for any âm and
σ̂e2

= ĉyy (0) +

p


âk ĉyy (k) − σu2

k=1

Given estimates â1 , ..., âp , σ̂e2 and σ̂u2 the parametric spectrum
can be estimated as
Cyy (ω) =

σe2
+ σu2
|A(ω)|2

where [·]T denotes matrix transpose. Further, let φn and ψn
denote a data vector and its filtered version:

2. ARMA MODELING
In the noisefree case it is straightforward to obtain bootstrap
based confidence intervals of the AR parameters [8]. The
initial estimates â1 , ..., âp are used to construct Â(ω) which
when applied to the observations yields an estimate of the input process, ê(n). This residual data can be used to obtain
bootstrap resamples e∗ (n).
The more realistic scenario of AR plus noise cannot be handled as above. To use an independent data bootstrap scheme
for this dependent data model we model the autoregressive
plus noise process of order p by an autoregressive movingaverage (ARMA) process of order (p, p) as follows: The spectrum of y(n) is given by
Cyy (ω) =

σe2
+ σu2
|A(ω)|2

(1)

Cyy (ω)

=
=

σz2 |B(ω)|2
|A(ω)|2

p
with B(ω) = 1+ k=1 bk e−jωk . This is clearly the spectrum
of an ARMA process and the system is depicted in Figure 2.
We can now use ARMA spectrum estimation techniques to
y(n)

Fig. 2. ARMA process
obtain estimates â1 , ..., âp , b̂1 , ..., b̂p and σ̂z2 . By comparison
of coefficients of the equation
σ̂e2 + σ̂u2 |Â(ω)|2 = σz2 |B̂(ω)|2

(2)

3. THE RML ALGORITHM
In this section we will shortly review the Recursive Maximum
Likelihood (RML) algorithm [9] which will be used later on
for ARMA parameter estimation. Given an ARMA process
of order (p, q)
y(n) = −

i=1

ai y(n − i) +

bi e(n − i) + e(n)

i=1

Let θ denote the parameter vector
θ = [a1 , ..., ap , b1 , ..., bq ]T

=

[−ỹ(n − 1), ..., −ỹ(n − p), r̃(n − 1), ..., r̃(n − q)]T

with r(n) being the residual error at time instance n. With
every new data point y(n) the following set of equations will
be solved:
• Prediction error: n = yn − φTn θ̂n−1
• Error covariance matrix:


1 Pn−1 − Pn−1 ψn ψnT Pn−1
Pn =
λ
λ + ψnT Pn−1 ψnT

The filtered data vectors ỹ(n) and r̃(n) can be obtained by
q
applying the filter B̂(ω) = 1 + k=1 b̂i e−jωk to y(n) and
r(n). λ is the so called forgetting factor, typically a constant
close to unity.
The RML algorithm has been shown to be consistent for all
ARMA models whose zeros are inside the unit circle. Further,
its asymptotic efficiency has also been proven. Details can be
found in [10].

As described in Section 2 we model the AR plus noise process of order p by an ARMA process of order (p, p). Given
initial estimates of the ARMA parameters one can now apply
an inverse filter with transfer function

1 + pk=1 âk e−jωk
Â(ω)
=
p
B̂(ω)
1 + k=1 b̂k e−jωk
to y(n) to get an estimate ẑ(n). This residual data can be
used to form bootstrap resamples ẑ ∗ (n). After a large number
B of bootstrap resamples a distribution function can be estimated from which we obtain confidence interval estimates.
The bootstrap procedure is summarized in Table 1.

estimates σ̂e2 and σ̂u2 can be found.

q


ψn

4. THE EXPERIMENT

B(ω)/A(ω)

p


[−y(n − 1), ..., −y(n − p), r(n − 1), ..., r(n − q)]T

• Residual error: rn = yn − ψnT θ̂n

+ σu2 |A(ω)|2
|A(ω)|2

z(n)

=

• Parameter update: θ̂n = θ̂n−1 + Pn ψn n

This can be rewritten as
σe2

φn

(3)

4.1. Simulated data example
For the simulations we chose an AR(2) process with parameters a1 = −1.4 and a2 = 0.95. Zero mean uniformly distributed noise has been added to achieve a signal-to-noise
ratio (SNR) of 10 dB. N = 1024 data samples have been
used for the simulations, the number of bootstrap resamples
is B = 1000. We used the RML algorithm for ARMA parameter estimation.

1.8

Step 1.

Step 2.

Step 3.

Step 4.

Step 5.

Step 6.

Â(ω)
to y(n) to
verse filter with transfer function B̂(ω)
get the residuals ẑ(n).
Resampling.
Create a bootstrap sample
y ∗ (0), y ∗ (1), ..., y ∗ (N − 1) by drawing
ẑ ∗ (0), ẑ ∗ (1), ..., ẑ ∗ (N − 1), with replacement,
from the residuals ẑ(0), ẑ(1), ..., ẑ(N − 1), then
passing ẑ ∗ (0), ẑ ∗ (1), ..., ẑ ∗ (N − 1) through
the linear time-invariant filter with frequency
response B̂(ω)
.
Â(ω)
Calculation of the bootstrap estimate. From
y ∗ (n), n = 0, ..., N − 1 obtain a bootstrap estimate of the ARMA parameter vector θ̂∗ =
[â∗1 , ..., â∗1 , b̂∗p , ..., b̂∗p ]T . By comparison of coefficients of Equation (2) find bootstrap estimates
(σ̂e∗ )2 and (σ̂u∗ )2
Repetition. Repeat Steps 2-3 a large number of
times to obtain a total of B bootstrap statistics
θ̂∗1 , θ̂∗2 , ..., θ̂∗B , (σ̂e∗1 )2 , (σ̂e∗2 )2 , ..., (σ̂e∗B )2 and
(σ̂u∗1 )2 , (σ̂u∗2 )2 , ..., (σ̂u∗B )2 .
Distribution Function estimation. Sort the bootstrap estimates in increasing order to obtain
h(θ̂∗ ), h((σ̂e∗ )2 ) and h((σ̂u∗ )2 ). Approximate the
density function of h(θ̂), h(σ̂e2 ) and h(σ̂u2 ) by
h(θ̂∗ ), h((σ̂e∗ )2 ) and h((σ̂u∗ )2 ) respectively.
Confidence Interval Estimation. Based on h(θ̂∗ ),
h((σ̂e∗ )2 ) and h((σ̂u∗ )2 ) estimate the desired (1 −
α)100% bootstrap confidence intervals.

1.6

1.4

1.2

ĉzz (m)

Step 0.

Table 1. The Bootstrap procedure
Data Collection. Conduct the experiment and
collect N observations y(n), n = 0, ..., N − 1
from an autoregressive plus noise process of order p.
Calculation of the residuals. Model y(n) by an
ARMA(p, p) process and estimate its parameter
vector θ̂ = [â1 , ..., âp , b̂1 , ..., b̂p ]T . Apply the in-

1

0.8

0.6

0.4

0.2

0

−0.2
−1000

−800

−600

−400

−200

0

m

200

400

600

800

1000

Fig. 3. Autocovariance function of the residual data
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In Figure 3 a typical estimate of the residual’s autocovariance
function czz (m) is shown. Its structure which is close to the
one of a white process is an indicator for the good performance of the ARMA parameter estimator. In Figures 4 and 5
the bootstrap distribution function estimate of the AR parameters is shown versus the histograms obtained by 1000 Monte
Carlo simulations. Given the estimate of the bootstrap distribution function one can obtain the 90% confidence interval
estimates for the AR parameters as (−1.411, −1.371) for a1
and (0.925, 0.963) for a2 .
5. REAL DATA EXAMPLE
In order to demonstrate our proposed method using a real data
example we chose a problem from automotive engineering,
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Fig. 5. Bootstrap distribution function of â2
namely estimating the spectrum of the pressure signal inside
the combustion chamber. Although the signal is known to be
non-stationary [11] stationarity is assumed for simplicity in
this example.

AR Parameter
a1
a2
a3
a4
a5
a6
a7
a8
a9
a10
a11
a12
a13
a14
a15

Confidence Interval
(−0.94, −0.60)
(1.25, 1.66)
(−0.42, 0.20)
(0.68, 1.26)
(−0.07, 0.59)
(0.82, 1.45)
(−0.07, 0.65)
(0.41, 1.07)
(0.36, 1.03)
(0.12, 0.71)
(0.29, 0.86)
(0.03, 0.54)
(0.12, 0.63)
(−0.08, 0.23)
(0.15, 0.39)

6. CONCLUSION
We presented a bootstrap based approach for confidence interval estimation for autoregressive plus noise processes. The
need for ARMA modeling of the process was justified. We
used the independent data bootstrap to successfully estimate
confidence intervals in a computer simulated as well as in a
real world example. Future work will be done in the more sophisticated task of estimating confidence bands for parametric
spectra.
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