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Abstract—We propose a parametric waveform design approach
for improved detection of extended targets embedded in uncorre-
lated signal-dependent clutter and noise, whose spectral densities
are assumed to be known. Unlike canonical waveform design
approaches, the transmit waveform is represented as a weighted
linear combination of discrete prolate spheroidal sequences. In
the optimization problem, the probability of detection is max-
imized with respect to the weighting factors of the associated
discrete prolate spheroidal sequences under the transmit energy
constraint. The weighting factors, which are resolved using a
numerical method, lead directly to the desired transmit waveform
in the time domain. In comparison to the canonical waveform
design approaches, the extra step for time sequence synthesis is
avoided and the loss in probability of detection produced therein
is remedied. Simulation results demonstrate the improvement in
the probability of detection for the proposed approach. However,
the improvement comes at the cost of higher computational
complexity.

Index Terms—Discrete prolate spheroidal sequences, elec-
tromagnetic modeling, radar applications, signal design, signal
detection.

I. INTRODUCTION

D UE to the rapid development in hardware design [1],
[2], optimal waveform design attracts more and more

attention. The ability to design a transmit waveform optimally
strongly improves follow-on tasks such as target detection and
classification in a variety of engineering applications, including
radar, sonar and communication [3]. Especially, optimal wave-
form design techniques are widely employed in some new
emerging radar applications, such as target classification in
cognitive radar (CR) systems [4], [5], target detection in mul-
tiple-input multiple-output (MIMO) radar systems [6], [7] and
through-the-wall radar imaging [8], [9].
During the last two decades, a manifold of salient work has

been conducted for enhanced target detection and classification.
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Different design strategies were utilized. In [10], two optimal
waveform design approaches for extended target detection in
noise only environments were proposed. In the first approach,
both target and noise are modeled as Gaussian random pro-
cesses. Based on this model, the mutual information (MI) be-
tween the ensemble of a target impulse response and the receiver
filter output is maximized. In the second approach, the target is
assumed to be deterministic. A signal-to-noise-ratio (SNR) cri-
terion is used for optimal waveform design.
In the presence of signal-dependent clutter, the problem

becomes more challenging. In [11], Pillai et al. generalized
the SNR-based waveform design approach and adopted it for
the optimal detection of deterministic targets embedded in
signal-dependent clutter and noise. An iterative solution was
proposed. This SNR-based approach was subsequently applied
to target identification applications in [12] and [13]. In a most
recent work published in [14], Romero et al. further extended
the SNR- and MI-based waveform design approaches so as to
optimally detect stochastic targets in signal-dependent clutter
and noise.
In [15], waveform design for optimal detection of Gaussian

point targets was addressed. The significant contribution of this
approach is the derivation of a closed form energy spectral den-
sity (ESD) of the optimal transmit waveform, which leads to
a global optimal probability of detection under a given proba-
bility of false alarm. From this obtained ESD, a time sequence
for transmitting is synthesized. In [16], the author further ex-
tended the model utilized in [15] by taking into account mul-
tiple receivers and deterministic extended targets. Similarly, an
Neyman-Pearson (NP) detector was first derived. But the prob-
ability of detection of the obtained NP detector gives little in-
sight into the optimal waveform design. Alternatively, the sym-
metrized Kullback-Leibler divergence was maximized in order
to generate a suboptimal waveform.
Many well-known waveform design approaches, such as

those in [5], [10], [14]–[16] attempt to find the optimal ESD,
where performance results using synthesized waveforms were
reported but synthesis techniques were left out. In this paper,
a time-sequence synthesis technique obtained from optimal
transmit ESD, which yields degradation in the probability of de-
tection, is reported. We refer to such approaches nonparametric
waveform design approaches. It is noteworthy that in our paper
the term “nonparametric” refers to the transmit waveform of
interest which is independent of any parameter, whereas “para-
metric” stresses the dependency of the transmit waveform on
some parameters to be determined in an optimization process.
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Fig. 1. Principles of the new proposed parametric waveform design approach
and some salient nonparametric waveform design approaches.

The contribution of this paper is a parametric optimal wave-
form design approach that exploits the property of discrete pro-
late spheroidal sequences (DPSSs). The principle is to param-
etrize the transmit waveform as a weighted linear combina-
tion of DPSSs. DPSSs are superior to other classes of orthog-
onal basis sequences for this task, since the number of basis
sequences is tunable with the bandwidth of the waveform.
Any prior knowledge about the bandwidth helps reducing the
dimensionality of the waveform representation. The weighting
factors of the corresponding DPSSs are the solution of an opti-
mization problem and lead immediately to a transmit waveform
in the time domain. Furthermore, the designed transmit wave-
form is close to the theoretical optimal waveform, which is a
water-filling solution similar to the one derived in [15]. More
details on how the optimal waveform is obtained can be found
in Section V. This guarantees that we overcome the loss in the
probability of detection caused by the nonparametric waveform
design approaches. The principles of the parametric- and the
nonparametric waveform design are depicted in Fig. 1. This
paper is an extension of our previous work in [17] where we
first exploited the use of a parametrized waveform for the simple
example of a Gaussian point target. Unlike in [17], we consider
a more general case, i.e., waveform design for optimal detec-
tion of an extended target in known and uncorrelated interfer-
ence scenarios, show the detailed derivation of the optimization
process and evaluate the performance with data that stems from
electromagnetic wave simulation of a real extended target—an
AK47 assault rifle. We note that in [17] the target impulse re-
sponse is not a function of the orientation angle, as only point
targets have been considered. In this paper, however, the use
of an extended target model implies that the target impulse re-
sponse is orientation-dependent.
The paper is organized as follows. In Section II, we give a

short review of the discrete prolate spheroidal sequences, fol-
lowed by the motivation for our parametric modeling of the
transmit waveform in Section III. Section IV defines the system
modeling and states the problem at hand. Parametric waveform
design is presented in Section V, followed by the simulation re-
sults in Section VI. Finally, Section VII concludes this paper.

II. REVIEW OF DPSS

Discrete prolate spheroidal sequences were first introduced
in [18], where Slepian et al. investigated the extent to which a
discrete time sequence can be both index- and band-limited. The
work is an extension of earlier papers in this series, including
[19]–[22], where a quite analogous problem in the continuous
time and continuous frequency case was explored and prolate
spheroidal wave functions (PSWFs) were investigated. In [23],
DPSSs are regarded as a derivative of PSWFs, since they own
similar properties. Discrete prolate spheroidal sequences have
many applications in digital signal processing. Some examples
can be found in [24], [25], [26], and [27]. As in the original
work on DPSSs, we assume that the length of DPSSs is an
integer and their normalized bandwidth is a real number that
is less than 1/2. Besides, the time-bandwidth product is
also assumed to be an integer. Calculation of DPSSs is briefly
overviewed in the following.
Consider a discrete time sequence of bandwidth with

finite energy and a sampling interval . Among all the
sequences that are band-limited to with , the
authors of [18] sought for the one that maximizes the energy
concentration in the time domain, i.e.

(1)

A total of DPSSs are obtained. The th-order DPSS for all
values of can be calculated from the th order discrete prolate
spheroidal wave function (DPSWF). The zeroth-order DPSS,
which is calculated from the zeroth-order DPSWFmaximizes
in (1). DPSSs are in fact doubly infinite sequences, but their sub-
sequences confined to the index interval [0, ], are of par-
ticular interest in practical applications. In [24], these subse-
quences were also referred to as DPSSs. In order to obtain these
subsequences, we can either truncate the original doubly in-

finite sequences from index 0 to or generate them by
considering a similar energy concentration problem, but formu-
lated in the frequency domain [24]. Note that in the remainder
of this paper we mainly focus on DPSSs of finite length and
denote the th-order DPSS as , .

III. PARAMETRIC MODELING OF TRANSMIT WAVEFORM

In [18, Eq. (104)], Slepian proposed an important theorem on
the dimension of a signal space. This theorem was further ap-
plied to sequence approximation in virtue of DPSSs, that is, “if
is large and one is dealing with sequences known to be ap-

proximately of bandwidth and very small outside the index
set [0, ], the first DPSSs suffice to describe the se-
quence.” [18, Sec. 3.3]. This is the cornerstone of the following
parametric modeling of the transmit waveform.
Since we will formulate the problem of optimal waveform

design in the frequency domain in this paper, we assume that
the desired optimal transmit waveform concentrates all
the energy in the frequency interval in its ESD with
both and less than 1/2 in magnitude. Besides, we assume

to be very small outside the index interval [0, ].



YIN et al.: PARAMETRIC WAVEFORM DESIGN 4527

Fig. 2. The selection of parameter for generating DPSSs when the optimal transmit ESD is completely known. Four possible cases are illustrated: (a) describes
the first case where ; (b) describes the second case where ; (c) describes the third case where

; (d) describes the fourth case where .

Therefore, we can regard as approximately index-lim-
ited. This index-limited property is important in a communi-
cation system context as we are not able to send an infinite
length sequence. Therefore, we model the transmit waveform
as a weighted sum of the first DPSSs. Mathematically,
this modeling is given by

(2)

for . In (2),
is a vector of weighting factors, which can take any complex
value. Since is parametrized in , it is called parametric
transmit waveform. From [24], we know that the first
DPSSs concentrate almost all the energy inside the frequency
interval . Thus, the parametric transmit waveform

, is approximately both index- and
band-limited.
Before we are able to construct the parametric transmit

waveform , according to (2), a
set of DPSSs must be generated given the parameters and
, whose selection is key to the model. The length of the

transmit waveform should preferably be large. The selection of
the parameter depends on the following two cases.
1) If we knew the frequency interval of a
priori, we choose . Four possible
circumstances are exemplified in Fig. 2.

2) If we do not have the prior knowledge about the frequency
interval of , then we set the parameter

.
In both cases, the optimal transmit waveform is guaran-
teed to be well approximated by our parametric transmit wave-
form

(3)

for .
DPSSs have shown great superiority in parametric waveform

modeling since the number of basis sequences is tun-
able with . Especially when , i.e., , the
savings of orthonormal basis sequences is considerable for this
modeling as compared to the most general one given by

(4)

where , , and
are orthonormal basis sequences that span the dimensional
Euclidean space.
In the following sections, we drop the dependency on and
in for simplicity. However, it is important to

keep in mind that the generation of DPSSs is dependent on these
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two parameters. In the frequency domain, we define the DTFT
of the parametric waveform as

(5)

where and denotes the discrete time Fourier
transform of the th-order DPSS .

IV. SIGNAL MODELING AND PROBLEM STATEMENT

In this section, we develop the parametric waveform design
approach for enhanced detection of deterministic extended tar-
gets. For this purpose, we choose the receiver model, which is
the single-input single-output (SISO) version of the one used in
[16]. The reasons for selecting this receiver model rather than
others are as follows.
1) The classical nonparametric waveform design approach
developed in [15] can also be adopted to solving the detec-
tion problem that we consider here. Thus, a comparison be-
tween the new proposed parametric waveform design ap-
proach and the classical one can be easily made.

2) Based on this model, the theoretical global maximum prob-
ability of detection can be calculated. The actual proba-
bility of detection resulting from our parametric waveform
design approach can be compared with the global max-
imum. Besides, the capability of the numerical method in
resolving our optimization problem can be tested with this
maximum.

The receiver model is illustrated in Fig. 3. In order to facil-
itate digital processing and computer-based simulations, a dis-
crete-time signal model rather than its continuous-time counter-
part is used. At the transmitter side, a parametric transmit wave-
form , is used for target interroga-
tion. In order to make the receiver model more general, both
the target orientation angle and the radar aspect angle are
taken into account. The target model considered here is named
as Swerling-I extended target model [16]. The target response
is composed of two parts, namely a target reflection factor
and a target impulse response . The target reflection
factor is assumed to be random due to the fact that the radar
cross section (RCS) of a target varies independently from inter-
rogation to interrogation. In order to model such uncertainty,
we assume to be a complex random variable with proba-
bility density function , which corresponds to the
Swerling-I type. Herein, denotes the univariate complex
Gaussian distribution. For a given target orientation angle and
a radar aspect angle , the target impulse response is
assumed to be deterministic andmodels the reaction of the target
in response to an external input emitted from a certain direc-
tion. In the remainder of this paper, the target impulse response

is assumed to be exactly known both at the transmitter
and at the receiver side. The clutter impulse response as
well as the receiver noise are modeled as discrete-time
complex and stationary Gaussian random processes with zero
mean and known power spectral densities (PSD) and

, respectively. Note that the target impulse response

Fig. 3. Generalized receiver model by taking into account the target orientation
angle and the radar aspect angle . A parametric transmit waveform
is utilized at the transmitter side instead of a canonical nonparametric transmit
waveform .

is a function of the radar aspect angle and the target orien-
tation, whereas clutter is only a function of the radar aspect
angle. Further, the random variable and the random processes

and are mutually independent. It is noted that,
both the real and imaginary parts of a complex process are as-
sumed stationary and independently and identically distributed
real Gaussian random processes.
In the absence of a target, the received waveform ,

is a superposition of the receiver noise and
the clutter return , where the symbol
denotes convolution. Clearly, is also a complex and sta-
tionary Gaussian random process with zero mean. In the pres-
ence of a target, we have additionally the target return

. The target detection problem can be for-
mulated as a binary hypothesis test as follows:

(6)

(7)

for . In the sequel, we will follow the non-
parametric design procedure as described in [15] but in a para-
metric context.

V. OPTIMAL WAVEFORM DESIGN

A. Parametric Waveform Design Approach

First, we transform the detection problem from the time do-
main into the frequency domain by using the finite Fourier trans-
form [28] as defined by

(8)

where can be either a deterministic process or a random
process. Denote the finite Fourier transform of , ,

, and by , , , and respectively.
We reformulate the detection problem in the frequency domain
as

(9)

(10)

We stack Fourier transforms at frequencies ,
into vectors and define

(11)

(12)
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(13)

(14)

where the superscript denotes transpose. Due to the statistical
properties of the random processes and , we know
from [28] that and

, where the symbol means “distributed
as” and the PSD of the target return satisfies

. Furthermore, asymptotically for large ,
are independently distributed variables for distinct fre-

quencies , . This property holds
for as well.
Now, we rewrite the detection problem in a more compact

form as

(15)

(16)

Since the vectors , and are all multivariate com-
plex independently Gaussian distributed, the distributions of
under the two hypotheses are given by

(17)

(18)

where denotes the element multivariate complex
Gaussian distribution. The covariance matrix is given by

(19)

where denotes expectation and the superscript stands
for Hermitian operation. Due to the statistical properties of
and , we can conclude that asymptotically for large , is
a diagonal matrix with the th diagonal element equal to

where , .
The diagonal property of the matrix is critical to the
subsequent optimal waveform design. Similarly, the covariance
matrix can be calculated as

(20)

Having and , we can easily obtain the conditional proba-
bility density function of , under hypothesis and

under hypothesis . Similar to the steps shown in [15],
through which we obtain the following Neyman-Pearson de-
tector rule

(21)

Since is a linear transformation of the
complex Gaussian random vector , it is a complex Gaussian
random variable. Furthermore, differs only in variance under
hypotheses and . If we assume the variance of the random
variable to be under and under , it is proven in [15,
Appendix B] that the probability of detection is a function

of the probability of false alarm and parameterized in .

The variances and based on our signal model are given
by

(22)

and

(23)

Defining , we finally have

(24)

It is obvious that for a given , becomes larger with an
increasing . Based on our signal model, is expressed by

(25)

where denotes the finite Fourier transform of
. is assumed to be approximately equal to the

product of and for large . For clarity, we
replace in (25) with denoting the ESD of
the parametric transmit waveform at frequency .
For optimal waveform design, we make the same approxima-

tion as that in [15], namely is large and . Then, (25)
is further approximated by

(26)

In the optimization problem, we maximize in terms
of vector , which contains the weighting factors ,

under the transmit energy .
The optimization problem is written as

(27)

(28)

In fact, there should be an additional constraint in the opti-
mization problem, that is . Since

always holds for any vector , this
constraint is discarded. For this optimization problem, we are
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not able to give a set of weighting factors in closed form. There-
fore, we resolve it numerically instead. For a computer based so-
lution, the objective function in (27) and the constraint in (28)
are expressed in discretized form as

(29)

(30)

where . The reasons for optimizing (29) rather than
(25) are as follows. First, in (25) and (29) are approximately
equal. Second, the ESD of the waveform that we are
seeking for should be optimal for every frequency grid
for and , instead of the finite
frequency grids for .

Since , the objective
function in (29) is a summation of ratios

(31)

for . The numerator and denominator of
s are both quadratic functions of the weighting factors

for . Furthermore, the constraint

function in (30) is a summation of for
, which are also quadratic functions of the

weighting factors. Thus, this optimization problem shows high
nonlinearity. Besides, the number of the optimization variables

is in general large. In order to resolve such a large scale
and nonlinear optimization problem, we adopt here the Matlab
function FMINCON, which is written based on an interior point
type method introduced in a series of papers [29], [30]. The
essence of this numerical method is to solve a sequence of bar-
rier problems using sequential quadratic programming (SQP)
techniques [31] and ensure the robustness of the iteration using
trust region techniques [32], [33]. Both of them are powerful
techniques for solving nonlinear optimization problems. It is re-
ported in [29] that global convergence can be achieved whereas
a good convergence rate is not guaranteed. The computational
time is highly dependent on the number of basis DPSSs, ,
utilized in the waveform representation. Therefore, our algo-
rithm is especially suitable for narrow-band waveform design
as explained in Section III. Experimental estimation of the com-
putational time will be shown in Section VI.

B. Existing Canonical Nonparametric Waveform Design
Approach

For the same detection problem, a nonparametric waveform
design approach was introduced in [15]. The ESD of the optimal
transmit waveform that leads to the global maximum
, or in other words the global maximum probability of detec-

tion, is given by

(32)

where the parameter can be found by meeting the energy
constraint. In the sequel, we call optimal ESD for short.
Durbin’s algorithm [34], [35] is then utilized to synthesize a
time sequence from this optimal ESD . We call

here nonparametric transmit waveform. As mentioned
before, this extra step degrades the probability of detection and
the associated loss depends on the shape of . When

is smooth, Durbin’s algorithm works well and the re-
sulting loss in probability of detection is minor. In the case
where has sharp peaks and/or notches, Durbin’s algo-
rithm may provide a poor synthesis result which leads to higher
loss in probability of detection. No matter what kind of design
approach we consider the ultimate objective is to find a transmit
waveform, whose ESD is as close as possible to the optimal
ESD in (32).

VI. SIMULATION

In the simulation, we select an AK-47 assault rifle as the
extended target, which is created in an electromagnetic simu-
lation by using a commercial full-wave electromagnetic sim-
ulator. This electromagnetic simulation was conducted at the
Radar Imaging Lab at Villanova University, USA. The target
impulse responses are measured from various target
orientation angles by a monostatic radar,
which is fixed at an aspect angle . The target impulse
responses have a passband and they are
sampled by a sampling frequency . Details about
the target modeling and the measurements of the target impulse
responses can be found in [36] and [37].
In the first simulation, we consider the following scenario.

The extended AK47 assault rifle is located at an orientation
angle and its reflection factor . Fur-
thermore, the target impulse response is scaled
to have a unitary peak value. The re-scaled sequence is de-
noted by and shown in Fig. 4. Note that the target
impulse response is very close to zero outside the interval [0,
199], thus it is truncated for a better illustration. In our sim-
ulation, we assume the PSD of the clutter impulse response

and the PSD of the
noise . Further, the max-
imal available transmit energy is set to 15 Joules.
Based on our simulation setup, we calculate the optimal ESD

that leads to the global maximum probability of de-
tection according to (32). The result of is depicted in
Fig. 5, from which we notice that the optimal transmit wave-
form distributes its energy into several frequency bands where
the ratio is larger than a threshold .
In this case, the optimal ESD results in a global max-
imum . For a given , will lead to the
global maximum probability of detection according to (24). In
the sequel, two different waveform design approaches will be
demonstrated and the associated probabilities of detection are
compared with the global maximum value.
We start by demonstrating the new proposed parametric

waveform design approach. Two parameters must be specified
for the generation of DPSSs, which are used to represent
a transmit waveform according to (2). The first param-
eter is the sequence length of the parametric transmit
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Fig. 4. Amplitude of the target impulse response at a target orienta-
tion angle and radar aspect angle .

Fig. 5. The ratio with and versus the
optimal transmit ESD that leads to the global maximum probability
of detection. The best energy distribution strategy is to place the energy into
the frequency bands where is larger than the water level . Here, the
maximum available transmit energy is set to 15 Joules.

waveform , which is set to 200. For the selection of
the second parameter, i.e., the bandwidth of the wave-
form, the following two cases are considered as mentioned
in Section III. In the prior experiment, the optimal ESD

is supposed to be exactly known. Having this a
priori knowledge, the bandwidth is set to 0.3, since no
energy should be distributed outside the frequency interval

, i.e., .
Therefore, in total are generated. In
this case, the parametric waveform modeling, using DPSSs is
superior to the most general parametric waveform modeling in
(4), since 80 orthonormal basis sequences can be saved. Next,
the optimization problem described in (29) and (30) is resolved
numerically in terms of vector , which contains the weighting
factor for . As a result, we obtain a vector
solution and the resulting maximum value .

Fig. 6. Magnitude of the parametric transmit waveform with
.

Fig. 7. Parametric waveform ESD with versus the op-
timal ESD that leads to the global maximum probability of detection.

Taking and the generated 120 DPSSs into (2), we can
immediately obtain the desired parametric waveform ,
whose magnitude is depicted in Fig. 6. Finally, the ESD of
this parametric waveform is shown in Fig. 7 along
with the optimal ESD . In comparison to the optimal
ESD, shows some tiny flaws in the vicinity of abrupt
transitions and slight inaccuracies in the most narrow frequency
bands around and .
In the second experiment, the optimal ESD is as-

sumed to be completely unknown. In this case, we choose
. Since is strictly less than 1/2 and is assumed to be
an integer, is set to 0.4975. In total 199 DPSSs are gener-
ated in this case and the optimization problem is solved. Con-
sequently, we obtain a vector solution , which contains the
weighting factor for and the resulting max-
imum value . Similarly, we plug the obtained
and the generated 199 DPSSs into (2), thus obtaining another
parametric waveform , whose magnitude is shown in
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Fig. 8. Magnitude of the parametric transmit waveform with
.

Fig. 9. Parametric waveform ESD with versus the
optimal ESD that leads to the global maximum probability of detec-
tion.

Fig. 8. The ESD of this parametric waveform is very close to
the one obtained in the previous experiment, which can be seen
from Fig. 9. Despite the good result, the parametric waveform
modeling using DPSSs loses its superiority in comparison with
the most general modeling in (4), since only one orthonormal
basis sequence can be saved. In the above two parametric wave-
form design experiments, the initial value of the vector is set
to , where is a vector of all ones and is a vector of all
zeros. Both and are vectors of dimension . Besides,
is set to 2048.
In the sequel, we run the canonical nonparametric waveform

design approach, proposed in [15] for the same detection
problem. The key step of this approach is to synthesize a
transmit waveform , from the
optimal ESD through Durbin’s algorithm. In order to
give better synthesis results, a large autoregressive filter model
order is selected. The magnitude of the synthesized waveform

is shown in Fig. 10 and its ESD is illustrated,

Fig. 10. Magnitude of the nonparametric transmit waveform synthe-
sized from the optimal ESD through Durbin’s algorithm.

Fig. 11. Nonparametric waveform ESD versus the optimal ESD
that leads to the global maximum probability of detection.

along with the optimal ESD in Fig. 11. In comparison with
the optimal ESD, shows inaccuracy in most narrow
frequency bands. As a result, we have only ,
which is far less than the global maximum .
This result is not surprising, because Durbin’s algorithm pro-
vides poor synthesis result when the optimal ESD of interest
has sharp peaks and/or sharp notches.
In order to show the advantage of the designed op-

timal waveforms, we choose a commonly used traditional
impulse waveform with the same time duration and en-
ergy for comparison. The impulse waveform is defined by

. Using this waveform, we have
. In Fig. 12, the theoretical probability of detec-

tion for each generated transmit waveform is depicted as a
function of the probability of false alarm , which sweeps
from 0.001 to 0.1 at an increment of 0.001. It is obvious that the
probability of detection resulting from the proposed parametric
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Fig. 12. The theoretical probability of detection versus the probability of
false alarm for different transmit waveforms.

TABLE I
COMPUTATIONAL TIME FOR GENERATING VARIOUS TRANSMIT WAVEFORMS IN

THE FIRST SIMULATION

approach is close to the global maximum and exceeds the one
obtained by the nonparametric approach for every .
Table I lists the computational time for generating various

transmit waveforms in the last two experiments, which indicates
that the improvement in the probability of detection achieved by
our parametric approach comes at the cost of a higher compu-
tational complexity. If we decrease from 2048 to 1024 or to
512, the computational time can be extensively shortened with
minor detection performance loss. Besides, with the rapid de-
velopment of high-speed computing units and advanced parallel
computing algorithms, we believe that an optimal parametric
waveform can be generated in a reasonable time in the near fu-
ture. Although the parametric approach can never be faster as
compared to the nonparametric approach, its flexibility allows
us to adapt it in a wide range of applications.
In the second simulation, we verify the obtained theoretical

results as shown in Fig. 12, using the generated waveforms
in a computer based Monte Carlo experiment. The procedures
of this computer based Monte Carlo experiment are listed in
Table II. We perform this experiment for the parametric wave-
forms , , the nonparametric waveform
and the traditional impulse waveform separately. The
results of the empirical probability of detection for the
four transmit waveforms are shown in Fig. 13. For each transmit
waveform, we measure the difference between the obtained the-
oretical as well as the empirical probability of detection using
the metric

(33)

for , , and . This metric
is calculated for each waveform, and all the results are shown
in Table III, from which we only observe slight differences be-
tween the empirical probability of detection and the cor-
responding theoretical value for every transmit waveform.
Further, for the parametric waveforms and the nonparametric
waveform, the difference between the empirical probability of
detection and the corresponding theoretical value is a bit larger
than that for the traditional impulse waveform. The difference
between the two values is mainly due to the approximationmade
in (25). In our simulation, the amplitude of the target impulse re-
sponse is small in the index interval
and the designed waveforms concentrate most of the energy in
the front of the sequence. For each designed waveform, we de-
fine the truncation ratio between the truncated- and the total en-
ergy of the target return according to

(34)

where is the convolution of a transmit waveform of length
with the target impulse response . The calcu-

lated truncation ratios according to (34) for the four waveforms
are also listed in Table III. From the results, we find that the trun-
cated energy is very small as compared to the total energy of the
target return. Especially for the traditional impulse waveform,
the truncation of the sequence does not cause any problem. This
is equivalent to saying that the finite Fourier transform of the
truncated , is close to the product of
the finite Fourier transform of and . And as a
result, the difference between the empirical- and the theoretical
probability of detection is minor.
In the following two simulations, we obtain the probability

of detection for the parametric waveform design approach in
different circumstances. First, let us consider the same scenario
utilized in the first simulation, except that the transmit energy
is now varying from 5 to 25 Joules and the probability of

false alarm is fixed to 0.01. Repeating the procedures described
in the first simulation, we obtain the theoretical probability of
detection as a function of the transmit energy for different wave-
forms. The results are illustrated in Fig. 14. It is noted that for the
parametric waveform design, we only consider the worst case,
i.e., the parameter is set to 0.4975. It is obvious that the the-
oretical probability of detection using the parametric waveform
is very close to the global optimum and outperforms the one ob-
tained from the nonparametric waveform for every from 5 to
25 Joules. In Fig. 14, we also observe that the theoretical proba-
bility of detection for the nonparametric waveform approaches
the global optimum when the transmit energy is larger than
17 Joules. This is due to the fact that the optimal ESD
becomes smoother in shape in those cases as compared to that
depicted in Fig. 5 and Durbin’s algorithm provides a better per-
formance in the waveform synthesis. As another comparison,
either the parametric or the nonparametric waveform leads to
an exceedingly improved detection performance as compared
to the traditional impulse waveform.
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TABLE II
COMPUTER BASED MONTE CARLO EXPERIMENT FOR EVALUATING THE EMPIRICAL PROBABILITY OF DETECTION

Fig. 13. The empirical probability of detection versus the probability of
false alarm for different transmit waveforms.

TABLE III
THE DIFFERENCE BETWEEN THE EMPIRICAL PROBABILITY OF DETECTION
AND THE THEORETICAL VALUE VERSUS THE TRUNCATION RATIO FOR

FOUR DIFFERENT TRANSMIT WAVEFORMS

In the sequel, we vary the target orientation angle from 0
to 345 at an increment 15 . The transmit energy is reset to
10 Joules while other parameters stay unaltered as those utilized
in the last simulation. Similarly, we plot in Fig. 15 the theoret-
ical probability of detection as a function of the target orienta-
tion angle for three different waveforms. It is noted that for
the parametric waveform design, the parameter is still set to
0.4975 here. Theoretically, it is not guaranteed to find a global
optimum for the numerical method we have chosen, but in our

Fig. 14. The theoretical probability of detection versus the transmit energy
for different transmit waveforms with .

simulations it can always find a vector of weighting factors
making very close to the global maximum.

VII. CONCLUSION

We have proposed to parametrize a transmit waveform as a
weighted sum of discrete prolate spheroidal sequences and fur-
ther applied it for optimal detection of an extended AK-47 as-
sault rifle, which is created in an electromagnetic simulation. An
optimization problem has been formulated and maximized with
respect to the waveform parameters so as to yield the desired
waveform. The advantage of the proposed parametric wave-
form design approach as compared to canonical nonparametric
approaches is the fact that the optimization problem directly
yields the transmit waveform rather than its energy spectral den-
sity and thus saving the extra step for time sequence synthesis.
Simulation results under various circumstances have shown that
the diminution in the probability of detection caused by the
extra step for waveform synthesis can be overcome by using



YIN et al.: PARAMETRIC WAVEFORM DESIGN 4535

Fig. 15. The theoretical probability of detection versus the target orienta-
tion angle for different transmit waveforms with and

.

the new proposed parametric approach. Moreover, the numer-
ical method we have selected can always find a set of weighting
factors making the ESD of the designed parametric transmit
waveform very close to the optimal transmit ESD throughout
our simulations. This phenomenon guarantees that the resultant
probability of detection led by the new proposed approach is
close to the global maximum.
Our parametric waveform design approach is favorable to be

employed in the first place when known stationary targets are
to be detected or classified in unaltered or slowly changing en-
vironments. With faster and cheaper computing in the future,
it can be extended to changing environments, future cognitive
radar systems being a very prominent candidate. Possible appli-
cations include the detection and localization of a caller in emer-
gency in rural areas using a single moving radar as well as the
detection/classification of underwater mines using sonar. Here,
the clutter and noise densities can be estimated by training data
whereas the target impulse response of different mine types (e.g.
spherical, cylindrical) can be obtained by simulation or training.
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